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Green’s
Theorem
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continuous functions over a region R
bounded by simple closed curve C in

xy-plane, then




Green’s
Theorem...

Green’s Theorem in vector form:

jc F.dr - jjﬁ(v x F).l} dR

where F=¢i+yj, F=xi+yJ

k is the unit vector along z-axis
and dR =dx dy




Example

Q: A vector field A
F=sinyi+x(1+cosy)j
Evaluate the integral _[ F.dr where C

is the circular path gi\fen by x*+y*=a%.

Sol:

~n
-

L F.dr = :c [sinyl: +x(1+ cosy)/].(l:dx+ fdy)

= [ sinydx + x(1+cos y)dy

JC




Example...
On applying

Green’s theorem, we have

J(edx -y dy) - HR[Z,'Z . gfijdxdy

= ”R [(1 +Ccos y)-cos y]dx dy

where R is the circular plane surface
of radius a.

b(pdx +y dy) = ”R dx dy = area of circle

c
= LF.df' - ra*




Area of Plane
Region by Green’s
Theorem

Puty = xand ¢ = -y inGreen's theorem

L(xdy—ydx “[ ]dxdy

= ZHAdxdy =2 x Area

— Area = %L(){ dy — ydx)|




Gauss’s
Divergence
Theorem

The surface integral of the normal

component of vector function F
taken around a closed surface S is

equal to the integral of divergence of
F taken over the volume V enclosed
by the surface S.

jjsﬁ.ﬁdszjjjvdivﬁdv




Example

Q: Evaluate ”s F.nds

where S is the surface of the sphere_
x?+y?+z2 =16 and F =3xi+4y j+5zk

sol: || F-ndS = ||| divFdv

divF =i +j vk |.(3xi+ayj+52k)
oX oy o0z

divF =3+4+5=12




Example...

|| F.nds =[] divFdV =[] 14dV

=12 xV

= 12><%7z'(4)3

H]'s F.hdS =1024]




Example

Q: Evaluate || F-AdS

where S is the surface of the cube
bounded by x=0, x=1, y=0, y=1, z=0,
z=1and F =4xzi-y%j+yzk

Sol: jjslf'.ﬁds — mvdivﬁdv
_ (: 0 50 ;0

divF =|i—+j—+ k— j(4xzf—y2}'+yzl})

oX oy 0Z
divF =4z -2y +y-4z—-y




Example...

= ({[ divF'dV

(4z y)dx dy dz

(4z - y)dz dy dx

222 ]1
-yz | dy dx




Example...




Stoke’s Theorem

Surface integral of the component of
curl F along the normal to the surface
S, taken over the surface S and
bounded by curve C is equal to the
line integral of the vector point
function F taken along closed curve C.

@F‘.df' = Hscurllr'.ﬁds
where n is unit external normal vector
to surface dS.




Example

Q: Using Stoke’s theorem evaluate
j[(Zx — y)dx — yz?dy — y*z dz}

whecre C is the circle x*+y*=1,
corresponding to the surface of

sphere of unit radius.
Sol:

H(Zx -y)dx - yz’dy - y*z dz]

c

= j[(Zx—y)l:—yzzf—yzzl}].(dxf—dy}'—dzl?)
C




Example...

By Stoke's theorem
gﬁF‘.df = Hscurllr'.frds

curl F =V xF =

(-2yz +2yz)i -(0-0)j+(0+1)k
|:> curl F = k




Example...
b F.dr - || k.nds

- [[, k-n =Y

l\

— ”s dx dy = Area of cirle = r

j[ 2x ydx yzidy - yzdz]z
__c




Exercise

Q1: Evaluate || F.7dS

over the entire surface of the region

above xy-plane bounded by the cone

z*’=x*+y? and the plane z=4, if
F=-4xzi +xyz*j+3zk

Q2: Using Green’s theorem, find the
region in the first quadrant bounded
by the curves y=x, y=1/x, y=x/4.




Exercise

Q3: Apply Stoke’s theorem to evaluate
ju?.dr , whereV = y%i + xy j+ xzk and C
¢ is the bounding curve of the
hemisphere x*+y?*+z2=9, 2z>0, oriented in
the positive direction.




Answer

Q1: 320
Q2: log 2

Q3: 0







